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SOME PROBLEMS OF THE MOTION OF A PENDULUM
WHEN THERE ARE HORIZONTAL VIBRATIONS OF
THE POINT OF SUSPENSIONt

O. V. KHOLOSTOVA
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(Received 24 March 1994)

The motion of a mathernatical pendulum whose point of suspension performs small-amplitude horizontal harmonic oscillations
is considered. The non-integrability of the equation of motion of the pendulum is established. The periodic motion of the pendulum
originating from a stable: position of equilibrium is obtained and its stability is investigated. Unstable periodic motions originating
from unstable positions of equilibrium are indicated and the separatrice surfaces asymptotic to these motions are determined.
The problem of the existence and stability of periodic motions of the pendulum originating from its oscillations with arbitrary
amplitude and rotations with arbitrary mean angular velocity is investigated.

A number of general problems on the existence of periodic motions of a pendulum with horizontal
vibrations of the point of suspension were considered in [1]. The motion of a pendulum in the neighbour-
hood of resonance, when the frequency of the vibrations of the point of suspension is close to the
frequency of its natural small oscillations were studied in [2, 3]. Subharmonic oscillations of a pendulum
excited by horizontal oscillations of its point of suspension were investigated in [4].

1. FORMULATION OF THE PROBLEM

Suppose a pendulum has a length / and its point of suspension undergoes horizontal harmonic
oscillations with arnplitude 4 and frequency 2. We will assume that the amplitude of the oscillations
of the point of suspension of the pendulum is small oompared with its length so that ¢ = 4/l < 1. Changing
to dimensionless time T = Qf and frequency @} = g/(Q?) we can write the equation of motion of the
pendulum in the form

q” +wising=g€sinTcosgq (1.1)

where g is the angle of deflection of the pendulum from the vertical and the prime denotes differentiation
with respect to t.
Equation (1.1) can also be represented in the form of canonical equations

dg _oH dp _ oH
dt E)p dt dq 12)

where we have introduced the momentum p = ¢’, while Hamilton’s function has the form
H=Hy+eH;; H, =-%-p2-(o(2,cosq, Hy = ~sintsing (1.3)

When € = 0, Eq. (1.1) becomes the well-known equation of the oscillations of a mathematical pendu-
lum. Its constant solutions g = 0 (mod 2r) and g = = (mod 2x) correspond to the stable lower position
of equilibrium and the unstable upper position of equilibrium. Those differing from constant solutions
correspond either to oscillations of the pendulum with arbitrary amplitude, or to rotations with arbitrary
mean angular velocity or to asymptotic motions.

Motion along separatnces separating regions of oscillations and rotations in the (q, D) plane correspond
to asymptotic motions of the pendulum. We will denote by S* and S the separatrices in the upper and
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lower half-plane, respectively, and we will specify their following equations obtained by integrating (1.2)
and (1.3), withe = 0

20 2
=100 osg= —1 1.
P chw,t S 0,1 (14)

where the upper sign corresponds to the S* curve while the lower sign corresponds to the §~ curve.
In the following sections we will investigate the motion of a pendulum for fairly small but non-zero
values of e.

2. SPLITTING OF THE SEPARATRICE AND THE
NON-INTEGRABILITY OF EQ. (1.1)

If the point of suspension of the pendulum is fixed (¢ = 0), we obtain the integral of energy Hy =
const. We will show that for fairly small but non-zero values of €, the system of equations (1.2) with
Hamiltonian (1.3) has no real-analytic first integral differing from a constant. To do this we will use the
results obtained in [5, 6].

Consider the function

J@=| (Hy.H,)dt

where the Poisson bracket (Hy, H;) is calculated on the unperturbed separatrices S* or §~, while in H;
we replace T by T + o. Using (1.3) and (1.4) we obtain

+00 :
J(0) = £20 sin(T+ o) 2 3
@ o_{. cho,t | ch? wqt )t 21)

where the upper sign corresponds to separatrice S* while the lower sign corresponds to §~.
After converting the integrand in (2.1) and integrating by parts using well-known formulae [7], we
obtain

-1
J(o)= izn(mg ch z::,, ) sina (2.2)

It obviously follows from (2.2) that both for S* and S the function J(a) is not identically zero and
changes sign. This indicates the splitting and intersection of both pairs of separatrices and the fact that
there is no first integral of the system of equations (1.2) and (1.3) [5].

3. PERIODIC MOTIONS ORIGINATING FROM STABLE POSITIONS
OF EQUILIBRIUM

Suppose the frequency @y is not close to an integer. Then, by Poincaré’s method [8], for fairly small
values of € there is a unique 2xn-periodic solution g, of Eq. (1.1), analytic in € and which, when € = 0,
reduces to the solutiong = 0

ge =Eq; + szqz + €3q3 + ... (31)
It follows from (1.1) and (3.1) that g; = 0 in (3.1) if { is even, while for odd i we have

g ST 3-20f [3sint_sin3t
: YT ui-nlei-1 @2-9["

aryrt (32)

Stability in the first approximation. We will put g = q. + x. We can then write the linearized equation
of perturbed motion, using (3.1) and (3.2), in the form

2
x” +[m‘5 +e? E(‘:‘)T:f—)—z-sinz 1+ 0(e* )]x =0 (3.3)



Pendulum motion when there are horizontal vibrations of the point of suspension 555

It can be verified, by means of (1.1) and (3.1), that the terms O(¢*) in Eq. (3.3) only contain even
harmonics.

When &£ = 0 we have stability. For fairly small non-zero values of € instability is possible for the linear
differential equation (3.3) with periodic coefficients due to parametric resonance when 2ay is equal to
an even integer. But these values of oy, are eliminated from consideration, and hence, in the non-resonant
case investigated (the frequency y) is not close to an integer), the solution ¢ = g, is stable for fairly
small € in the first approximation.

Non-linear analysis of stability. For a rigorous solution of the problem of the stability of solution (3.1),
(3.2) we will use the methods for investigating Hamiltonian systems described in [10].

We will first obtain the characteristic exponents =i for the linearized equations of perturbed motion
(3.3). We will seek a solution of Eq. (3.3) in the form [11]

x = zeiht

where the 2n-periodic function of time z(t) and the quantity A can be represented in the form of series
in powers of €

2=20+€2 +€%23+ .., A=p+EA +E%y + ...

Setting up differential equations for the functions z;(t) and using the condition for their solutions to
be periodic, we obtain an expression for the characteristic exponent of Eq. (3.3)

0i-2

A=, +&2
07" Bwg (@i - 1)?

+0(e*) (34)

In the Hamiltonian (1.3) we will make a replacement of variables, introducing perturbations of the
solution g,(7), p.(t) = dq./dt by the formulae

d=x+qs(1), p=y+p«(1)
The Hamiltonian of the perturbed motion can then be represented in the form of a series
H=H,+Hy+H,+ .. (3.5)
where H; is a form of degree & in x, y with coefficients that are 2n-periodic in ©
H,= %yz +%(m§ COS 4. + ESin Tsin g, x>
H,= %(—m(z, sing. +€sinTcos g )x* (3.6)

1
H, = —-2-‘-‘-((.0% €Os gs + Esin Tsin g, )x"

Using a linear 21t-per10d1c replacement of variables x, y — x,, y, (which dlffers from an identity by
terms of order £?), the Hamiltonian H, can be reduced to the form H, = A(x% + y2)/2. If we then put

2r .
Xy = 1’;— SINQ,  y. = ,/2(nor cos
0

the Hamiltonian of the perturbed motion can be written in the form (3.5), where

cins
Hy=\r, H,= _N2rirsin ? (esint +0(e?)]
3w+

H, =(_-é—+0(£2 ))r2 sin® @ 3.7
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We will consider the stability of the motion (3.1), (3.2) for values of @y and € lying on curves of third
and fourth order resonances, when the quantities 3\ and 4 are respectively equal to an integer.

Calculations show that in the case of resonance 3\ = 1, using a non-linear canonical transformation
¢, r — v, p, the Hamiltonian (3.5), (3.7) can be reduced to the form

H =\p+eapypcos3y+0(p?), o=+6/8+0() (3.8)

Since, when € = 0, the coefficient o in the resonance term in (3.8) is non-zero, on the resonance
curve 30 = 1 the periodic motion (3.1), (3.2) is unstable [10], if ¢ is fairly small. The equation of this
curve can be obtained from (3.4) and has the form

1,459
Wy ==+ ——+...
3 512
In the case of resonances 3\ = k, where k is even, the form of Hj in the Hamiltonian (3.5), (3.7)
vanishes for normalization, since there are no corresponding resonance terms in it (this follows from
the structure of the form Hj from (3.6) and the solution (3.1)). Consequently, the solution (3.1), (3.2)
is Lyapunov stable on the corresponding resonance curves.
For resonances 3\ = k, where k is odd and k = 5, the resonance terms in the form H; occur in terms
of order €; the problem of the stability of solution (3.1), (3.2) in this case has not been investigated.
Outside the curves of the third-order resonances the Hamiltonian of the perturbed motion can be
reduced, by means of a non-linear canonical replacement of variables, to the following normal form:

H = \p+cp? +Bp? cosdy +O(p”?)

with constant coefficients B and c. The motion investigated is Lyapunov stable if | ¢ | > | B | and unstable
if|c|> | B [10]

Calculations show that ¢ = ~1/16 + O(e?). If the parameters @y and € do not lie on the fourth-order
resonance curves, we have B = 0; if @y and € lie on these curves, we have B = 0(82), and hence, the
periodic motion (3.1), (3.2) is Lyapunov stable for fairly small values of € both when there are fourth-
order resonances and when there are no such resonances.

4. SOLUTIONS ORIGINATING FROM UNSTABLE POSITIONS OF
EQUILIBRIUM

Unstable positions of equilibrium (-, 0) and (=, 0) for € = 0 transfer, for fairly small values of €, by
the Poincaré small-parameter method [8] into 2r-periodic solutions analytic in €. These solutions have
the form

* 5 . 3 * € 3
=1n+———sinT+ O(g"), = s T+ O(g’ 4.1
q it (€"), p %+lco (e") 4.1

Solutions (4.1) are unstable, which follows from the continuity of the characteristic exponents with
respect to € of the corresponding linear equations of the perturbed motion.

We will define, as in [12], the real, 2r-periodic with respect to 7, analytic with respect to &, 1, €
replacement of variables

g=q +QEn1€), p=p +PENn1.e) (4.2)

which reduces the Hamiltonian of the perturbed motion to normal form H = H({), where
{=En, H=A{+a,(*+a*+... (\.ay,ay,...~const) (43)
The system of equations corresponding to (4.3) has the solution

L=const, =&, expl(dH /dL)t], m=mngexp(—(3H /3{)t}

The equalities 1 = 0 and § = 0 define two-dimensional surfaces
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‘l=q‘ +Q(§.O,1,E), p= p' +P(§,O,T,€)

and

g=q +00O.n18), p=p +PON1,€)

consisting of solutions asymptotic to the solution g*, p*, respectively, as T — —eo and T — +oo. These
surfaces are called emerging and entering separatrices, respectively.

Calculations show that the normalizing transformation (4.2) is obtained as a result of carrying out
the following sequence of canonical replacements of variables

q=q'+x, p=p‘+y 4.4)
x'_y' Q)o , ,
xX= y =L — + 45
:]-——2 - y \’ > x"+y) (4.5)
’ w & .,
x=x —;(A x"2 - 24%x"y" + B*y"?) (4.6)

y’=y”+';-(B-x”2 +2A—x”y”_A+y”2)

twysinT+cost Bt = 3wgsinTtcosT

X = 4V20y 0, (03 +1), A*=

o3+l 903 +1
e 4sl<no T 16:1)0 n’ - 961000 "
yr=n- 96:1)0 g 1610(, &n- 482)0 w “7)
The normalized Hamiltonian then has the form
H = 0g€n+ - (&n)* +0(e)+ O(&nY) (48)

If we drop the last two terms in (4.8), the general solution of the system of equations corresponding
to (4.8) is given by the equalities

- 1
E=8oe™, N=Moe™", K= +2EeMo (4.9)

The following solutions will be asymptotic to (4.9)
E=Eue™®, n=0; £=0, n=nge ™" (4.10)

Substituting (4.10) into (4.4)—(4.7), which specify the normalizing transformation, we obtain separatrice
surfaces for each of the solutions (4.1).

When € = 0 the separatrices emerging from the point (=, 0) (emerging from (x, 0)) and entering
at the point (x, 0) (entering at (-, 0)) coincide and represent the curve S* (S"), specified by (1.4).
When € # 0 splitting of the separatrices occurs, as follows from the results obtained in Section 2.

5. PERIODIC MOTIONS ORIGINATING FROM OSCILLATIONS AND
ROTATIONS AND THEIR STABILITY

We will investigate the problem of the existence and stability of periodic motions originating from
oscillations of the pendulum with arbitrary amplitude and its rotations with an arbitrary mean angular

velocity.
We will write the Hamiltonian H, from (1.3) in action-angle variables /, w, making a canonical,
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univalent, 2n-periodic in w replacement of variables p, ¢ — I, w [13], which, in the region of the
oscillations, has the form

¢ = 2arcsin(k, sn(2r " K (k)w. k), p =200k (217 K (k)w, k) (5.1)
and in the region of rotations
g=2am(n'K(ky)w), p=R2mpk;' dn(r™ K (ky)w) (5-2)

The upper and lower signs in (5.2) correspond to anticlockwise and clockwise rotations of the pendu-
lum, respectively.

In (5.1) and (5.2) sn, cn, am and dn are elliptic sine, cosine, amplitude and delta amplitudes, and
K(k;) (i = 1, 2) is the complete elliptic integral of the first kind. The quantities k; are functions of the
action variable /, given by the equations

_dwyE(ky)
nk,

8
1=—%’-[E(k,)—(l—k,2)l((k:)lv I

where E(k;) is the complete elliptic integral of the second kind.
As a result of the replacement (5.1) or (5.2), the Hamiltonian (1.3) takes the form

H = Hy(I)+€H,(1,w.1), Hy(])=2058 (5.3)

where { = k% in the case of oscillations { = k7% in the case of rotations, while the function H;(I, w, 1)
is obtained by substituting (5.1) or (5.2) into the expression for H from (1.3).

The solution of the corresponding Hamiltonian (5.3) of the unperturbed system of equations (for €
= () can be written in the form

I=1,, w=o(lt+w,

where the frequency a(I) = dHy/dl, in the case of oscillations and rotations of the pendulum, is given
by the following respective expressions

o, = My @, = W, (5.4)
2K (k) koK (ky)

Suppose that for a certain value of I = I, the frequency is a rational number: ® = rs"L, Then, in the
perturbed motion we have a 2ns/r-periodic solution of the form

I=lyg, w=rsT'T+wy (5.5)

We will investigate the problems of the existence and stability of periodic solutions of the system of
equations with Hamiltonian (5.3) when & # 0, which reduces to the solution (5.5) when € = 0. To do
this we will use the theorem in [14], which is as follows.

Suppose Hy(Iy, wy) is the mean value of the function H; on the unperturbed motion (5.5), i.e.

A= 2}“}1(1 - ydt
= S THwy. T
1 s 0 149 0

and the following three conditions are satisfied
1. whenl =
*Hyorlr £ 0 (5.6)
2. awy = w* exists such that

aﬁl/aWO =( (5.7)
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3. here
FHy/owi# 0 (5.8)
Then a 2ns-periodic solution of the system of equations with Hamiltonian (5.3) exists, which is analytic
in € and becomes the 27s/r-periodic solution (5.5) of the unperturbed system when the € = 0. When
the following inequality is satisfied (for I = Iy and w = w*)
(3*H, 1 dwd)*Hy 101* <0 (5.9)

this periodic solution is unstable, and when the following inequalities are simultaneously satisfied

2 2 g\ Y

IH THy o s[3H | _32H 9H (5.10)
dwy  dl awy dwy  dwg

it is Lyapunov stable.

The range of oscillations. From (5.4) and the expressions for the derivations of elliptic integrals from
[7] we obtain

*Hy _  mAEK)-(-kD)K(k)] <0

d A1
al? 16k; (1 - k2K (k,) (5-11)

and hence condition (5.6) of the theorem is satisfied.
We obtain an expression for the function H; by expanding the elliptic functions in Fourier series [7]

= 2 = (20— D)sin[(2n - 1)(rs™ T+ wy)]sin1
25K (k) o ned ch(K*(k Xwgs)™ (2n = Yr)

H =

&t (5.12)

where K'(ky) = K(1 - k3). -~

An analysis of the structure of the integrand in (5.12) shows that the condition H, # 0 is only possible
whenr=1ands=2n-1(n =1,2,3,...), ie. when the frequency of the unperturbed motion is equal
to @y = (21 —1)™. Then

Hy=-25"cosswy /A, Ay =03 ch(K'(k))/ ®g)
Hence we have
oH, / 9w, = 2sinswq / A,
From condition (5.7) we obtain 2s different values of the variable wy: wo = w =knis (k= 1,2, ...,

2s), corresponding to periodic solutions in the unperturbed motion. For these values of wy, condition
(5.8) is obviously satisfied since

9’H, / dw} e 2s(-1)¥ 14,20 (5.13)

Thus, by the above theorem, for sufficiently small € there are 2s (s is an odd number) 2ns-periodic
solutions which, when € = 0, reduce to the 2ns-periodic solutions of the form (5.5) in which we put

w=1T/s+kn/s (k=1.2,..,2s5)

To investigate the problem of the stability of these oscillations we will verify conditions (5.9) and (5.10).

It follows from (5.11) and (5.13) that for even k inequality (5.9) is satisfied, which denotes that the
corresponding periodic solutions are unstable. If k is odd, the first inequality of (5.10) holds, and in
this case

3G 3 - AT 7wt 3
d"Hy / dwy ey = 0 0°H, / dw, e, = 25 (=D** 7 A,
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and hence, taking (5.13) into account, we have

5[ ’H, J’ 20, A,

>0
owy ows  owg

i.e. the second condition of (5.10) is satisfied. Consequently, for odd values of k the periodic oscillations
of the pendulum investigated are Lyapunov stable.

The range of rotations. In the range of rotations of the pendulum we have the inequality

PHy __ n’Eky)
oI 4(1-k3)K*(ky)

(5.14)

i.e. condition (5.6) of the theorem is satisfied.
The function H; in the unperturbed motion can be represented in the form of a Fourier series as
follows:
2n?
kZK2(ky)

nsin{n(rs't+ wg)lsint
1 ch(K’(ky ) (@¢s)~ nrky)

Ms

Its average value will be non-zero only at a frequency of @, = 1/s (s = 1, 2, 3, .. .), and in this case
H, =Fcosswy /(sA;), A, =0} ch(K’(ky)k, [ 0g)
From condition (5.7) we obtain the following 2s values of wj

wo=kn/s (k=12,...,25)
Condition (5.8) when wy = wj is obviously satisfied since
*H, 19wl =xs(-1)" 14, 20 (5.15)

Hence, for sufficiently small € there are 2s 2ns-periodic motions of the pendulum, which become 2s-
periodic rotations when e = 0.

It follows from (5.14) and (5.15) that inequalities (5.9) are satisfied if the pendulum rotates in an
anticlockwise direction (the upper sign) and k is odd, and also if the pendulum rotates in a clockwise
direction (the lower sign) and k is even. These periodic motions of the pendulum are unstable.

If k is even (when the rotations are in an anticlockwise direction) or odd (when the rotations are in
a clockwise direction), inequalities (5.10) are satisfied and, consequently, these periodic motions of the
pendulum are the Lyapunov stable.

This research was carried out with financial support from the Russian Foundation for Basic Research
(93-013-16257) and the International Science Foundation (MFG 300).
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